Abstract: A plasmonic sensor based on the nano-cylinder photonic crystal slab is modeled and designed for the refractive index sensing application. Design considerations and sensor characteristics are explored in detail using the higher order accuracy spectral element method. The geometrical parameters of the designed plasmonic sensor are optimized. With the shallowly etched configuration and the small radius of the nano-cylinder, the sensor simultaneously achieves a high sensing performance of figure of merit FoM ¼ 280 and a clear registration of full-height/full-width at half-maximum FH/FWHM ¼ 0:34 nm À1 for the lattice period P ¼ 750 nm, the cylinder radius r ¼ 85 nm, and the cylinder thickness t ¼ 125 nm. The proposed plasmonic sensor can find its great potential for applications relying on detecting refractive index.
Introduction
Optical refractive index (RI) sensors, which utilize the RI change as the sensing transduction signal, are powerful tools in chemical and biological analysis, gas, and environmental monitoring [1] , [2] . They can detect the RI change in the local surrounding environment, thus measure the mass concentration of analyte, even monitor the molecules interaction. Label-free, real-time and no need of electric circuitry are the most attracted feature for RI sensors. Various optical platforms, such as waveguides/fibers [3] , [4] , cavity resonators [5] , [6] , photonic crystals [7] , and surface plasmon resonance (SPR) [8] have been investigated and realized for sensing applications.
Among them, plasmonic sensors are of highly interests [9] - [11] . High sensitivity to RI can be easily achieved because the SPR can concentrate and strongly enhance light in the close proximity to the metal surface. Conventional plasmonic sensors are based on propagating surface plasmon resonance (PSPR), which can be excited by Kreschmann configuration. A bulky coupling prism and an angle-based measurement are the features of this configuration. Commercially available PSPR sensors, e.g., BIAcore [12] , have been proved to be effective tools. On the other hand, by simply observing the resonance spectral shifts on the spectrum, localized surface plasmon resonance (LSPR) sensors based on metal nanostructure appear to be a promising technique for their convenient and cost-effective measurement, chip integration, and high-throughput when compared with their PSPR counterparts.
A figure of merit (FoM) value, which is defined as the refractive index sensitivity (RIS) divided by the full width at half-maximum (FWHM) of the resonance peak/dip, is introduced to quantify the sensing performance of the LSPR sensors [13] , [14] . Many efforts have been devoted to achieve high FoM. One can increase the RIS by elevated nanostructure who floats metal nanoparticles above the substrate and exposes more light field to the surrounding medium [15] , [16] . On the other hand, in order to decrease the FWHM, Fano resonance was introduced by coupling the broad LSPR with other narrow resonance mechanisms [17] - [20] . A FoM value as high as 48 can be reached, which is one order of magnitude larger than that of plasmonic nanoparticles and nanoparticles arrays [9] - [11] . Meanwhile, the FWHM can be reduced to be < 10 nm by lattice plasmon, which enables efficient coupling of incident light into Bloch wave surface plasmon polaritons [21] , [22] . A narrower linewidth allows more sensitive detection. However, FoM of the LSPR sensors is still lower than those of PSPR ones, whose theoretically upper limit is estimated to be 108 [23] .
Recently, breakthroughs with FoM exceeding 108 were realized for the LSPR sensors. By directly coupling incident light to subradiant modes in plasmonic nanohole arrays, extraordinary light transmission occurred with a steep Fano resonance profile. Therefore, the plasmonic sensor based on this effect possessed a narrow FWHM of 4.29 nm and thus a FoM of 162 [24] . Meanwhile, a novel biosensor took advantage of the leaky mode that occurs at the edge of the plasmonic band gap of Au nano-patch arrays and obtained a FoM of 222 [25] . A sensor with a FoM reaching ∼108 was achieved by exploiting the interference between the Wood's anomaly and the LSPR on Au mushroom arrays [26] . Moreover, capped Au nanoslit arrays with a period of 1000 nm produced extremely small linewidth of 3.68 nm due to the enhanced Fano coupling between the cavity mode and the LSPR mode. A record high FoM of 252 was demonstrated after optimization [27] .
However, the spectral resolution of these plasmonic sensors were low and probing peak/dip signals had to be normalized manually to see clear registration. A sharp and intense peak/dip profile will facilitate the registration of the spectral shift. A parameter of FH/FWHM, which is the ratio of the full height (FH) of a peak/dip divided by its FWHM, was thus introduced to quantify the spectral resolution [28] . The higher FH/FWHM, the greater accuracy to measure the wavelength of the probing signal, thus achieves the better RI resolution. Previously reported plasmonic sensors did not have an ideal FH/FWHM. A biosensor based on bottom filled Au nanohole arrays possessed an FH/FWHM value of 19:7 Â 10 À3 nm À1 [28] , and sensors based on Ag nanowell crystals have an FH/FWHM of 29:2 Â 10 À3 nm À1 [22] . They had an FoM of 14.3 and 42.4 respectively, which also cannot provide a high sensing performance.
To address this problem, in this present paper, we modeled and designed a novel nano-cylinder photonic crystal (PhC) slab for LSPR RI sensing by the higher order accuracy spectral element method (SEM). Unlike commonly investigated structures based on nanoparticles arrays, e. g., nanohole arrays [28] or nanodisks arrays [29] , the proposed plasmonic sensor has an Au reflective mirror lying between the nanoparticles arrays and the substrate. With the help of the shallowly-etched configuration on the Au reflective mirror, the probing dip on the sensor's reflection spectrum can have a high contrast, i.e., a high FH value. In the mean time, the influence from the substrate can be eliminated and the LSPR will localized its major electromagnetic field in the surrounding sensing medium to benefit the sensitivity RIS. The radius of the cylinders are then optimized to obtain narrow FWHM. Together with the inherent feature of the high sensitivity for LSPR sensors, excellent sensing performance and clear registration can be achieved simultaneously.
The rest of the paper is organized as follows. Section 2 is devoted to the SEM method and its application in modeling the plasmonic sensors. Section 3 presents the design procedure, including the configuration of the proposed sensor as well as the design considerations. The convergence and accuracy of the SEM method are also discussed in this section. Finally, the optimization of the sensor is executed and the results of the performance are discussed in Section 4.
Modeling Method
The transmission and reflection spectrum of PhC slabs can be modeled and simulated traditionally by the finite-difference time domain method, the finite element method and the rigorous coupled-wave analysis, etc.. These methods have their own advantage yet disadvantage respectively. The higher order accuracy spectral element method (SEM) is a newly developed technique to solve the Maxwell equation [30] , [31] . It has been demonstrated to possess an exponential convergence of accuracy due to the implementation of the higher order GaussLobatto-Legendre (GLL) polynomials as the basic functions. Moreover, the GLL polynomials bring in an interesting distribution of nodal points, who are denser near the boundary of an discretized element than in the middle of it. This unique property of SEM makes it suitable for the simulation of surface plasmon phenomenon, since the surface plasmon field would dramatically change near the metal-dielectric interface [32] .
As shown in Fig. 1(a) , a scattering problem is considered. The scatter is a semiperiodic system in three dimensions, which is periodic in the horizontal ðxy Þ plane and finite in the vertical ðzÞ direction. Meshes illustrated in Fig. 1(b) and (c) are used to discretize the xy plane of the scatter and layers are used to discretize the z direction geometry. Bloch periodic boundary condition is applied on two pairs of faces perpendicular to the x and y directions. Meanwhile, the top and bottom surfaces perpendicular to the z axis, which are described by the electric field integral equation and the magnetic field integral equation, act as radiation boundary conditions for the scattered field and truncate the superstrate and substrate background materials, respectively. The plane wave incidents from the top surface of the scatter. Applying the SEM variational procedure, the weak form of the Helmholtz equation is given as Z
where È is the edge-based curl conforming vector basis function. E is the electric field in the computational domain and is expanded by the basis functions È, while H the magnetic field at the top and bottom surfaces and can be expanded by the same set of basis functions. " 
and the magnetic field integral equation (MFIE)
where " J s ðr 0 Þ ¼n Â " Hðr 0 Þ, and M s ðr 0 Þ ¼ Àn Â Eðr 0 Þ are the equivalent surface electric and magnetic current densities, respectively. E inc and H inc are the incident electric and magnetic fields, respectively. Operators L andK are the integral operators of Greens function in the homogeneous background material and their definition can be found in [31] . p ¼ 1 is for the top background material, and p ¼ 2 for the bottom one. The SEM is utilized to solve the Helmholtz equation (1) and the method of moments is used to solve the EFIE and MFIE equations (2) and (3). The scattering field together with the fields on the top and bottom surfaces can be obtained. By calculating the Poynting vector on these two surfaces, the transmittance and reflectance of the PhC slabs can be obtained.
To model the scattering problem correctly and exactly, an appropriate SEM mesh is needed. Fig. 1(b) gives the mesh for the xy plane of the scatter, which is a square unit cell who embedded a circle/cylinder in the center [31] . By extruding in the vertical z direction with a certain length, it can be used to discretize three-dimension problem in Fig. 1(a) . However, when the radius of the cylinder goes small, elements peripheral to the cylinder will become bizarre, and singular simulation results may occur. In order to overcome this problem, mesh was updated and given in Fig. 1(c) . It can be seen that elements are distributed within the unit cell reasonably. In the following design process of sensors, suitable mesh will be applied to model corresponding geometry and convergence check will be given in Section 3.2.
Design of the Plasmonic Sensor

Sensor Configuration and Design Consideration
The proposed plasmonic sensor is based on the nano-cylinder PhC slab. It is a metallic PhC slab consisted of a metal reflective mirror, on which metallic cylinders are shallowly-etched to be arranged in a square-lattic pattern, as illustrated in Fig. 2 . Plane waves incident normally from the surrounding sensing medium and their polarization direction is along the x -axis. Metallic gold Au is chosen as the plasmonic material for its stability and chemically passivity. The optical constants of Au are described by the Drude model with bulk plasmon frequency ! pl ¼ 1:37 Â 10 16 s À1 and damping constant ¼ 1:2 Â 10 14 s À1 . One can notice that the damping constant we used here is three times higher than that of the measured data in bulk Au [33] , for extra optical loss could be introduced in the deposited Au film [34] , [35] . The Au reflective mirror is an optically-thick uniform film. With a thickness of > 100 nm, incident plane waves will be reflected completely, and no light transmits through it. This indicates that the influence from the substrate is eliminated and the LSPR will localized its major electromagnetic field in the surrounding sensing medium to benefit the RI sensitivity. By etching the Au film, periodic Au cylinders can fabricate on it. Due to the lattice plasmon effects, pronounced resonance dips featured by Lorentz lineshape will emerge in the background reflection spectrum, as shown in Fig. 3(a) . It can be seen that the dips have high spectral contrast, which are enable by the shallowly-etched configuration and the Au reflective mirror [22] , [36] . This feature will be greatly useful in increasing the spectral resolution. With a period P ¼ 750 nm, a radius of cylinder r ¼ 180 nm and a thickness of cylinder t ¼ 50 nm, the resonances happen at the wavelengths of 765 nm, 569 nm, and etc., for the sensing medium air, as shown in Fig. 3(a) . No dips can be observed at longer wavelength. In fact, advised by the diffractive phase matching, the wavelengths of these resonance dips under normal incidence can be theoretically predicted by [37] 
where " Au and " d are the permittivity of Au and surrounding sensing medium, respectively, and i x and i y are the diffraction orders. Mode ½i x ; i y represents resonance mode with corresponding integral value of i x and i y . Mode [1, 0] is the first-order resonance, and its theoretically predicted wavelength is 763 nm for P ¼ 750 nm, which agrees well with the simulated result, as indicated in Fig. 3(a) . The predicted wavelength of Mode [1, 1] is 549 nm, which is close to the simulated result as well. The difference between these two modes mainly lies in the electric field intensity distributed in the xy plane, as shown in Fig. 3(b) and (c). It can be seen that apart from the number of maximum peaks, Mode [1, 0] has a more intense and extensive field distribution than Mode [1, 1] . The electric field intensity distributed in the xz plane of the Mode [1, 0] was also given in the inset of Fig. 3(a) . Field pattern of Mode [1, 1] is similar to the former and is not given for simplicity. It can be seen that the electromagnetic energy not only localizes but also strongly enhances in the close proximity to the etched gold nano-structure. The surrounding sensing medium is located right at this region, and as a result, its RI change would sensitively shift the LSPR resonance wavelengths on the reflection spectrum. Combining with the sharp and intense profiles of the dips, it explicitly suggests that the lattic plasmon modes on the proposed nano-cylinder PhC slab can be utilized for sensing application.
To quantify the sensing capacity of RI sensor, a parameter of refractive index sensitivity (RIS) is evaluated by measuring the shift of the resonance wavelength per RI unit (RIU). Although both of them can register as the probing signals, Mode [1, 0] and Mode [1, 1] possess different RIS sensitivity. Deriving from Eq. (4), the theoretically estimated RIS sensitivity of a resonance dip can be calculated by
The RIS of Mode [1, 0] was calculated to be 790 nm Á RIU À1 , which was larger than 589 nm Á RIU
À1
of the Mode [1, 1] . Together with the more intense and extensive field distribution, Mode [1, 0] is therefore chosen to be the candidate of the probing resonance.
Convergence and Accuracy
In this subsection, we discussed the convergence and accuracy of the SEM method applying to the plasmonic sensor simulation. For moderate radius cylinders cases, the SEM mesh shown in Fig. 1(b) was utilized. Numerical examples have been validated by comparing with analytical solutions as well as experimental results. It is shown that the accuracy of the SEM has an exponential convergence, as demonstrated in [30] and [31] .
For small radius cylinders cases, the SEM mesh was updated to be Fig. 1(c) . In order to check the convergence and accuracy of the SEM method, a nano-cylinder PhC slab with its radius of cylinder r ¼ 90 nm was simulated. The reflection spectrum for increasing SEM order were given in Fig. 4(a) . It can be seen that the spectrum are converged to higher order results and the resonance dips are almost overlapped with each other. In Fig. 4(b) , the relative errors were examined by taking the spectrum results of SEM order six as the reference. First of all, relative errors of the reflectance at specific resonance wavelengths converge exponentially with the increasing SEM order. The wavelengths are 546 nm for Mode [1, 1] and 759 nm for Mode [1, 0] , as illustrated in Fig. 4(a) . Second, the straight line of L 2 indicates that the relative error of the whole reflection spectrum also converges exponentially and achieves great accuracy. The L 2 relative error is defined as relative error as small as 1% can be obtained by third-order SEM. To achieve such accuracy, sampling density of 6 points per wavelength (PPW) is needed and the maximum mesh size to discretize the metal region is 10 nm. The SEM method uses 14 688 degrees of freedom. Comparing to at least 260 000 needed by classical finite element method, it is a significant improvement in computational resources. High accuracy, exponential convergence, and high efficiency are the advantages of the SEM method. Plasmons are very sensitive to the structure imperfection. Fabrication techniques would be critical to realized the predicted results of the proposed plasmonic sensor. It is feasible to fabricate the sensor using universal methods. Uniform Au film can be deposited by well-developed electron-beam evaporation and its thickness can be precisely controlled. As for the fabrication of the nanopattern, techniques such as focused ion beam and electron-beam lithography are commonly utilized. Experimentally realized plasmonic sensor and negative-index metamaterial have their spectrum and performances close to the theoretically predicted results [34] , [35] . However, nano-cylinder PhC slab with precisely diameter size would be hard to produce. Fabrication tolerances will happen during these lithography procedures. Further improvement can be made by introducing nanoimprint lithography [38] .
Results and Discussion
In this section, we studied the sensing characteristics of the nano-cylinder PhC slab. The spectral resolution of the Mode [1, 0] was optimized first. Then, the performance of the designed plasmonic sensor was investigated.
Optimization for Clear Registration
The linewidth FWHM (full width at half-maximum) is inversely proportional to both the FoM (figure of merit) and the FH/FWHM (full-height/full-width-at-half-maximum) parameters. Consequently a narrow FWHM of resonance is the key to realize high sensing performance and clear registration. In the proposed sensor, lattice plasmon was introduced firstly by nano-cylinder PhC geometry. To further reduce the FWHM, the radius of the nano-cylinder was adjusted, since it has been proved that the reduction of r =P ratio would effectively increase the Q-factor of a lattice Bloch mode and thus narrow its linewidth [36] , [39] . Nano-hole PhC slab could have the same effect. We choose nano-cylinder over nano-hole, because the latter geometry would make it hard to fill the sensing medium into holes with small radius [34] . also given. Because the linewidth of a LSPR mode will broaden with respect to the increasing refractive index (RI) of the surrounding medium, a moderate value of n ¼ 1:333 (RI of water) is used in the simulation. It can be seen that the linewidth efficiently reduces with decreasing radius r for all cylinder thickness t . We hereby demonstrate that reducing the linewidth by small radius of cylinder scatter can be successfully applied in lattice plasmon. Meanwhile, narrow linewidth can be also achieved by reducing the t , except that this effect is not obvious under small-radius situation. On the other hand, the FH of the probing signal, which is the height of a Lorentz fit to the resonance dip, presents a different relationship with respect to radius r . Within the observation scope, the FHs for different t exist their own maximum, which is almost equal to each other. These maximum values of FHs are approaching 1, which is the upper limit of the spectral contrast.
With high contrast and narrow linewidth, the resulting FH/FWHM parameter was expected to be large, which could lead to a high spectral resolution, i.e., a clear registration. The FH/FWHM was subsequently calculated and illustrated in Fig. 5(b) . It can be seen that the FH/FWHM parameters have their own peak values for different t . As the t increases, the peak position shifts toward the small-radius direction, and the peak value increases. However, the increment of the peak value becomes weaker during this process. After considering the fabrication imperfection that would be severely caused by small r =P ratio and small r =t ratio, we only design the sensors with t no bigger than 125 nm. An optimal FH/FWHM, which is 0.34 nm -1 , is thus chosen by the geometrical parameter of r ¼ 85 nm and t ¼ 125 nm. It outperforms the reported result ð29:2 Â 10 À3 nm À1 Þ for a plasmonic sensor based on Ag nanowell crystals [22] , indicating a significant improvement of spectral resolution provided by the proposed plasmonic sensor.
Sensing Performance
To illustrate the sensing performance of the proposed plasmonic sensor, the RIS (refractive index sensitivity) and the FoM (figure of merit) as the function of radius r were also presented in Fig. 6 . The RIS in Fig. 6(a) is obtained by simply sensing the surrounding medium from air to water. It can be seen that the larger r is, the more sense RIS. This is originated from the stronger LSPR resonance caused by the closer distance of nano-cylinders. However, the RIS values do not deviate too much from the theoretically predicted value of 790 nm Á RIU À1 for P ¼ 750 nm, as indicating by the (red) dash line in Fig. 6(a) . The reason is that the RIS in lattice plasmon based sensors is mainly related to the period P rather than the radius r , as expressed in (5) . In fact, the RIS can be boosted further by increasing the period P, which would improve the sensitivity and the sensing performance of a plasmonic sensor [22] , [27] .
Instead of influencing by the RIS curve, the FoMs in Fig. 6 (b) are inversely proportional to the FWHM from Fig. 5(a) . It can be seen that as the radius r goes small, the FoMs climb to exceed the theoretically upper limit 108 of commercially available PSPR sensor, as indicated by the (red) dash-dot line in Fig. 6(b) . For the sensor geometry that has the optimal FH/FWHM, its FoM is acquired to be 280. Better FoM can be obtained by sacrificing the spectral resolution of FH/FWHM.
As a proof-of-principle, the optimized device virtually went through the sensing process by changing the refractive index (RI) of the surrounding medium from 1.0 to 1.666, as demonstrated in Fig. 7(a) . The resonance dip on the reflection spectra experiences an evidently red shift with respect to the increasing RI, indicating the feasibility of the proposed nano-cylinder PhC slab to work as an RI sensor. To allow for straightforward quantitative sensing, we also registered the dip positions to the corresponding RI values on the right y axis in Fig. 7(a) . A straight line, in which the readout of the transduction signal can be referred to the RI of the sensing medium, was fitted. Its slope's reciprocal represents the sensitivity of RIS. The RIS is thus measured to be 755 nm Á RIU À1 , which is close to that acquired from Fig. 6(a) . Meanwhile, during this sensing process, the lineshape of the probing signal stays clear, regardless of the change of the surrounding sensing medium, as demonstrated by the sharp and intense resonance dips for various RI.
Another aspect of the sensing ability is to detect the minute RI change distinctly rather than the large one. This can be characterized by the minimum detectable RI, which is defined by the ratio of the spectrometer resolution divided by the RIS of a sensor. For a typical resolution 0.6 nm of the fiber optic spectrometer from Avantes™, the minimum detectable RI is calculated to be 8 Â 10 À4 RIU. We thus virtually performed the sensing process by changing the RI of the surrounding medium from n ¼ 1:333 to n ¼ 1:3338, as given in Fig. 7(b) . It can be seen that as the RI changes minutely, the dip on the reflection spectrum shifts a wavelength of 0.6 nm, which can be detected by the spectrometer with a resolution of 0.6 nm. Although the proposed plasmonic sensor has the FoM exceeding the upper limit of the PSPR sensor, the minimum À4 . The geometrical parameters of the sensor are designed to be P ¼ 750 nm, r ¼ 85 nm, and t ¼ 125 nm to obtain simultaneously high sensing performance and clear registration.
TABLE 1
Optimal sensor performance for different photonic crystal period detectable RI is lower than that of the latter, which is 1 Â 10 À7 RIU [23] . Delicate spectroscopy system and optimal instrument manipulation will be needed to realize excellent detection limit.
At last, the performance of the optimized plasmonic sensor were listed in Table 1 , as well as the sensors with period of P ¼ 1000 nm and P ¼ 1250 nm. All of them had been optimized to have best FH/FWHM resolution. Table 1 clearly indicated that the FWHM can be optimized to be < 3 nm, while RIS is proportional to the period, as suggested by Eq. (5). In consistent with the sensor of P ¼ 750 nm, high sensing performance that having FoM > 108, and clear registration having sharp and intense dip profile can be achieved simultaneously. A suitable period should be chosen according to wavelength band for the specific sensing application.
Conclusion
In summary, we have proposed a plasmonic sensor based on the nano-cylinder photonic crystal slab. Novel simulation technique of spectral element method was utilized to model and design the sensor. Numerical results showed that it possesses the advantages of high accuracy, exponential convergence and high efficiency. Design considerations were explored in detail. With shallowly-etched configuration on an Au reflective mirror, high contrast of spectral profile was achieved. With small radius of the nano-cylinder, the full width at half-maximum (FWHM) appeared to be extremely narrow. A sharp and intense profile of the resonance dip was thus realized, which would register the probing signal clearly. Together with the inherent feature of high refractive index sensitivity for LSPR sensors, a high sensing performance that reaches a figure of merit (FoM) of 280 and a clear registration with a full-height/full-width-at-half-maximum (FH/FWHM) of 0.34 nm -1 were realized simultaneously in the proposed sensor with its lattice period P ¼ 750 nm, cylinder radius r ¼ 85 nm and cylinder thickness t ¼ 125 nm. The minimum detectable RI was calculated to be 8 Â 10 À4 RIU. The FoM far exceeds the theoretically upper limit of the commercially available prism-based plasmonic sensors, and outperforms previously reported LSPR sensors. Meanwhile, the high FH/FWHM, which outperforms the reported results for LSPR sensors, offers clear registration of the probing signal. As a result, with high sensitivity, high FoM and clear registration, the proposed plasmonic sensor based on the nano-cylinder photonic crystal slab can find its great potential application in detecting refractive index change.
